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Abstract
Let R be a ring and let t be a torsion preradical, R is said to have the splitting property, provided
that for every left R-module M , the torsion submodule t (M) of M is a direct summand of M . The
characterization of rings with this property is a classical problem (in particular the Goldie and Dick-
son torsion theories have been studied) that for noncommutative rings remains open. We consider the
problem for the algebra C∗, associated to a coalgebra C, and the torsion preradical Rat. It is shown
that if C∗ has the splitting property with respect a Rat, then C is finite dimensional.
 2004 Published by Elsevier Inc.
1. Introduction
Throughout this paper C will always be a coalgebra over a field k, with comultiplication
∆ and counit ε, and C∗ standing for its dual algebra. The category of right C-comodules
will be denoted by MC and by C∗-Mod the category of left C∗-modules. It is well
known that MC is a Grothendieck category isomorphic to the subcategory Rat(C∗-Mod) of
C∗-Mod, consisting of rational left C∗-modules (see [4]). Indeed, Rat(C∗-Mod) is a closed
* Corresponding author.
E-mail addresses: cnastase@al.math.unibuc.ro (C. Na˘sta˘sescu), btorreci@ual.es (B. Torrecillas).
1 This paper was written while the author was visiting the University of Almería supported by a DGES
sabbatical grant.
2 This work was supported by DGES-grant PB02-2717.0021-8693/$ – see front matter  2004 Published by Elsevier Inc.
doi:10.1016/j.jalgebra.2004.06.004
C. Na˘sta˘sescu, B. Torrecillas / Journal of Algebra 281 (2004) 144–149 145subcategory of C∗-Mod to which we can associate a preradical Rat. Therefore, the follow-
ing question naturally arises: “When is the closed subcategory Rat(C∗-Mod) split (i.e., the
torsion preradical of M , Rat(M), is a direct summand of M for any left C∗-module M)?
The study of the splitting for a closed (localizing) subcategory of the module category
is a classical problem and it has been considered by many authors (see [13] for a survey).
I. Kaplansky [6,7] has shown that for a commutative integral domain R all finitely gener-
ated modules split (the torsion of a module is a direct summand) if and only if R is a Prüfer
domain and J. Rotman [9] has shown that if all modules split then R must be a field. The
characterization of the splitting property for noncommutative rings is still an open prob-
lem. We will see that when Rat(C∗-Mod) is split, this localizing subcategory coincides
with the Dickson localizing subcategory.
In this paper, we show that this splitting property implies that C is finite dimensional
(Theorem 3.4). If only the finite generated C∗-modules split, then C is not necessarily
finite dimensional (Remark 3.6(i)).
To prove the main result several steps are followed. The first step is Proposition 3.2,
where we study when C is injective as left C∗-module, next we solve the problem for
colocal coalgebras (Theorem 3.3), where we use important results of the splitting problem
in the ring case (see [12] and [14]) to complete the arguments.
The reader is referred to [3,4] and [8] for the coalgebra and comodule terminology and
to [11] for the ring and module theory terminology.
2. Splitting for Grothendieck categories
Recall that a full subcategory C of a Grothendieck category A is called closed if C is
closed under direct sums, subobjects and quotient objects. If, in addition, C is closed un-
der extensions, then C is called a localizing subcategory. The objects of C are said to be
C-torsion objects of A. When C is closed, for any A ∈A, there exits a largest subobjects of
A which belongs to C . This subobject, denoted by tC(A), is defined as the sum of all subob-
jects of M belonging to C . If tC(A)= 0, then A is called C-torsionfree. The correspondence
A → tC(A) defines a left exact subfunctor of the identity functor tC :A→A.
A closed subcategory C ofA is splitting if tC(A) is a direct summand of A for all A ∈A.
A closed subcategory is called stable if for any X ∈ C the injective envelope E(M) is also
in C .
We start with an elementary, but basic, result.
Lemma 2.1. If a closed subcategory C of A is splitting, then C is a stable localizing sub-
category.
The smallest localizing subcategory containing all the simple objects of A is called the
Dickson localizing subcategory. The objects in this localizing subcategory coincide with
the semiartinian objects of A. We say that a localizing subcategory C of A is a TTF class
if C is closed under direct products.
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category A/C , which is also a Grothendieck category. We denote by T :A→ A/C , and
S :A/C →A the canonical functors.
Theorem 2.2. Let C be a TTF-class of a Grothendieck categoryA. Assume that the Dickson
localizing subcategory of A is splitting. Then the Dickson localizing subcategory of A/C
is also splitting.
Proof. Given B ∈ A/C , by hypothesis S(B) = tC(S(B)) ⊕ X, where X ∈ C is torsion-
free because S(B) is torsionfree and tC(S(B)) is a semiartinian object. Applying T
we obtain B ∼= T S(B) = T (tC(S(B))) ⊕ T (X). Since T commutes with inductive lim-
its and T (X) ∈ A/C is simple for any C-torsionfree simple object X ∈ A, we get that
T (tC(S(B))) is a semiartinian object in A/C . For any 0 = Y ⊆ T (X) simple object, S(Y )
contains a simple object in A. Indeed, if S(Y ) contains a non-zero subobject Z, then
T (Z) is a non-zero subobject of T S(Y )  Y . Thus T (Z) = Y . Hence S(Y )/Z ∈ C. and
so, set Z0 =⋂0 =ZS(Y ) Z. We claim that Z0 = 0. If Z0 = 0, then we have the canonical
monomorphism
0 → S(Y ) →
∏
0 =ZS(Y )
S(Y )/Z.
Since S(Y )/Z ∈ C , then∏0 =ZS(Y ) S(Y )/Z ∈ C and therefore S(Y ) ∈ C, a contradiction.
It is obvious that Z0 is a simple subobject of S(Y ). Now, 0 → X → ST (X) is essential, so
X contains the simple Z0, this is not possible because X is torsionfree with respect to the
Dickson torsion theory. 
Corollary 2.3. Let R be a ring and let P be a finitely projective left R-module. If the Dick-
son localizing subcategory of R-Mod is splitting, then the Dickson localizing subcategory
of EndR(P )-Mod is also splitting (the multiplication on EndR(P ) is the opposite to the
composition).
Proof. The localizing subcategory associated to the left R module P , CP = {M ∈
R-Mod | HomR(P,M) = 0} is a TTF class. By [11, Proposition 8.6] R-Mod/CP ∼=
EndR(P )-Mod. 
Corollary 2.4. Let e be an idempotent of the ring R. If the Dickson localizing subcategory
of R-Mod is splitting, then the Dickson localizing subcategory of eRe-Mod is also splitting.
3. Splitting with respect to Rat
Definition 3.1. We will say that a coalgebra C has the (respectively cyclic) splitting
property if the closed subcategory Rat(C∗-Mod) of C∗-Mod is left (respectively cyclic)
splitting.
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injective hull E(S) in CM is finite dimensional. A coalgebra C is called almost connected
if its coradical C0 is finite dimensional, equivalently the category MC (or CM) has a finite
number of isomorphic types of simple comodules. In this case, since C⊥0 is the Jacobson
radical of C∗ and C∗/C⊥0 ∼= C∗0 , every simple C∗-module is rational. A coalgebra C is
called colocal if C0 is a simple comodule. In this case, C∗/C⊥0 ∼= C∗0 is a division ring.
In the next proposition we use the following result by Sandomierski [10, Corollary 2
of Theorem 3.6]: Let QR be a quasi-injective self-cogenerator, S = End(QR), then QR is
linearly compact if and only if SQ is injective.
Proposition 3.2. Let C be a coalgebra. The following statements are equivalent:
(i) C is injective as left C∗-module.
(ii) C is artinian as right C∗-module (or C is an artinian object in CM).
(iii) C∗ is a left noetherian algebra.
Moreover, if these conditions hold then C is almost connected, C∗ is a semiperfect
algebra and Rat(C∗-Mod) is a localizing subcategory, i.e., Rat(C∗-Mod) coincides with
the Dickson torsion theory.
In particular, if C has the splitting property, then C satisfies the preceding three condi-
tions.
Proof. (i) ⇔ (ii). Since CC∗ is a quasi-injective self-cogenerator and C∗ = End(CC∗) (see
[4, Proposition 3.1.8]), we can apply the preceding Corollary 2 of Theorem 2.6 in [10],
thus CC∗ is linearly compact if and only if C∗C is injective. But since CC∗ is a semiartinian
object, CC∗ is linearly compact if and only if CC∗ is artinian (equivalently C is an artinian
object in CM).
(ii) ⇔ (iii). This follows from [1, Corollary 4.3].
Assume now that C satisfies one of the preceding equivalent conditions. Since C ar-
tinian as right C∗-module, then the coradical C0 is finite dimensional and C is almost
connected. Hence C∗ is semiperfect.
Since C is almost connected, then C is a cogenerator and is injective in C∗-Mod, there-
fore Rat(C∗-Mod) is closed under essential extensions. Hence Rat(C∗-Mod) is closed
under extensions, so Rat(C∗-Mod) is a localizing subcategory and it coincides with the
Dickson torsion theory.
In case that C has the splitting property, from Lemma 2.1 it follows that C∗C is injective
in C∗-Mod. 
Proposition 3.3. Let C be a colocal coalgebra. If C has the splitting property, then C is
finite dimensional.
Proof. We prove that Rat(C∗) = 0. If 0 = Rat(C∗) ⊆ J , then Rat(C∗) is a direct summand
of C∗, Rat(C∗) = C∗e for some idempotent element e ∈ C∗. Hence e ∈ J and since J is
the Jacobson radical it follows that e = 0.
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exists a maximal submodule K ⊂ I (I is a finitely generated left ideal). Hence I/K is
a simple left C∗-module. Since I ⊂ J , we have I (I/K) = 0, I 2 ⊆ K and I ⊆ K . This is
a contradiction. Thus I = 0.
Let 0 = I  C∗ be a left ideal and consider I such that I/I = Rat(C∗/I). Since C∗/I
is torsionfree, by [12, Proposition 2.1]. I 2 = I and by the preceding consideration I = C∗.
Then C∗/I ∈ Rat(C∗-Mod), when I = 0. If I = C∗x , x = 0, since C∗/C∗x is a finite di-
mensional rational C∗-module, there exists a natural number n such that J n(C∗/C∗x) = 0.
Therefore J n ⊆ C∗x and C∗x/J n ⊆ C∗/J n ∈ Rat(C∗-Mod). Then by [14, Theorem 2.7]
C∗ is left semiartinian. Thus C∗ is rational and dimk(C) < ∞. 
Theorem 3.4. Let C be a coalgebra. If C has the splitting property, then C is finite dimen-
sional.
Proof. By Proposition 3.2, C∗ is a semiperfect algebra. Using [2, Theorem 27.6], C∗ has
a complete orthogonal set e1, . . . , en of idempotents with each eiC∗ei a local ring. By
Proposition 3.2, C∗ is left noetherian and therefore eiC∗ei is left noetherian. By Corol-
lary 2.4 and Proposition 3.2, eiC∗ei = (eiCei)∗ has the splitting property and it follows
from Proposition 3.3 that dimk(eiCei) < ∞. In particular, it results that eiC∗ei = (eiCei)∗
is a semiprimary ring. Let J denote the Jacobson radical of C∗, then eiJ ei is the Jacobson
radical of eiC∗ei and [2, Lemma 28.10] tells us that J is nilpotent. Hence C∗ is a semipri-
mary ring. Therefore C∗ is a semiartinian ring and C∗C∗ is rational since Rat(C∗-Mod) is
closed under extension. Thus dimk C∗ < ∞, i.e., dimk C < ∞. 
Remark 3.5. Let C be a k vector space with basis {cm | m ∈ N}. Then C is a coalgebra
with comultiplication ∆(cn) =∑i+j=n ci ⊗ cj and counit ε(cn) = δn,0 for all n ∈ N. It
is well-known that C∗ ∼= K[[x]], the algebra of formal power series. Thus C∗ is a local
algebra, therefore C∗ is semiperfect, and Rat(C∗-Mod) is the class of x-torsion modules
(see [4]). Moreover, C∗C is injective artinian and Rat(C∗) = 0 (since C∗ is a domain).
Remark 3.6. (i) If C∗ has the splitting property only for finitely generated left C∗-modules,
C is not necessarily finite dimensional (see the example of the preceding remark).
(ii) In general Rat(C∗-Mod) does not coincide with the Dickson torsion class. For in-
stance, let V be a infinite dimensional vector space over k, and consider C = kg ⊕ V
be the cocommutative k-coalgebra with comultiplication given by ∆(g) = g ⊗ g and
∆(x)= g ⊗ x + x ⊗ g for x ∈ V , and counit defined by ε(g) = 1 and ε(x)= 0 for x ∈ V .
C∗ is a semiprimary ring (in particular semiartinian ring and the Dickson torsion theory is
exactly C∗-Mod) and therefore its Dickson torsion theory is splitting. This example sug-
gests the following problem: if C∗ has the splitting property for Dickson torsion theory,
then it follows that C∗ is semiartinian?
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